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Abstract
This paper is concerned with fast diﬀusion equations for coupling via nonlinear
boundary ﬂux. By means of the theory of linear equations and constructing
self-similar super-solutions and sub-solutions, we obtain a critical global existence
curve. The critical curve of Fujita type is conjectured with the aid of some new results.
In addition, we show that the constant ε0 of the linear system
A(α1,α2, . . . ,αs)T = (ε0,ε0, . . . ,ε0)T
plays an important role in our discussion.
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1 Introduction
In this paper, we investigate the existence and non-existence of global weak solutions to





xx, i = , , . . . , s,x > , < t < T (.)









i+(, t), i = , , . . . , s, us+ := u,  < t < T , (.)
with continuous, nonnegative initial data
ui(x, ) = ui(x), i = , , . . . , s,x >  (.)
compactly supported in R+, where s ≥ ,  < mi < , pi ≥ , qi >  (i = , , . . . , s) are pa-
rameters.
The particular feature of equations (.) is their gradient-dependent diﬀusivity. Such
equations can be used to provide amodel for nonlinear heat propagation, they also appear
in several branches of applied mathematics such as plasma physics, population dynamics,
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chemical reactions, and so on. At the same time, these equations are also called the New-
tonian ﬁltration equations, which have been intensively studied since the last century (see
[, ] and the references therein). In addition, for the case s ≥ , system (.)-(.) sug-
gests that equations (.) are linked by the inﬂux of energy input at the boundary x = .
For instance, in the heat transfer process, –(umii )x represents the heat ﬂux, and hence the
boundary conditions represent a nonlinear radiation law at the boundary. These kinds of
boundary conditions appear also in combustion problem when the reaction happens only
at the boundary of the container, for example, because of the presence of a solid catalyzer,
see [] for justiﬁcation.
In general, system (.)-(.) does not possess classical solutions. This is due to the fact
that the equations in (.) are parabolic only where uix > , but degenerate where uix =
. However, local in time existence of weak solution (u,u, . . . ,us) to problem (.)-(.),
deﬁned in the usual integral way, aswell as a comparison principle can be easily established
as, for instance, in [, , ]. LetT be themaximal existence time of a solution (u,u, . . . ,us),
which may be ﬁnite or inﬁnite. If T < ∞, then ‖u‖∞ + ‖u‖∞ + · · · + ‖us‖∞ becomes
unbounded in ﬁnite time andwe say that the solution blows up; while ifT =∞, we say that
the solution is global. In particular, the problem of determining critical Fujita exponents
is very interesting for various nonlinear parabolic equations of mathematical physics. See
the book [] and the surveys [, ], where a full list of references can be found. Here, we
recall some known results on system (.)-(.)
In , Quirós and Rossi [] considered the following degenerate equations coupled




ut = (um)xx, vt = (vn)xx, x > , t > ,
–(um)x(, t) = vp(, t), –(vn)x(, t) = uq(, t), t > ,
u(x, ) = u(x), v(x, ) = v(x), x > 
(.)
with m,n >  and notations
α =
 + n + p
( +m)( + n) – pq , α =
 +m + q
( +m)( + n) – pq ,
β =
p(m –  – q) + ( + n)m
( +m)( + n) – pq , β =
q(n –  – p) + ( +m)n
( +m)( + n) – pq .
They obtained that the critical global existence curve of (.) is pq = ( +m )(
+n
 ) and the
critical Fujita type curve is min{α +β,α +β} = . Besides, it was Zheng et al. who dealt
with the general system (.)-(.) for s =  with m,m >  in [], in which the authors
proved that for p < +m , p <
+m
 , the critical global existence curve is qq = (
+m
 –
p)( +m – p) and the critical Fujita curve is min{l – k, l – k} = , while if p > +m or
p > +m , then the solutions may blow up in a ﬁnite time.
To our knowledge, however, there are few works in the literature dealing with the heat
conduction systems such as (.)-(.). Motivated by the above mentioned works, in this
paper we have a purpose to extend the results of the slow diﬀusion case [] to the fast
diﬀusion case and s components, and the aim is twofold. Firstly, we construct the self-
similar super-solution and sub-solution to obtain the critical global existence curve of
system (.)-(.). Secondly, the critical curve of Fujita type is conjectured with the aid of
some new results. A very interesting feature of our results is that the critical curves are
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determined by a matrix and a linear algebraic system. The fact that we are dealing with
a general system instead of a single equation and with nonlinear diﬀusion forces us to
develop some new techniques.







 +m – p –q  · · ·  
  +m – p –q · · ·  
· · · · · · · · · · · · · · · · · ·
   · · ·  +ms– – ps– –qs–








ms+i :=mi, ps+i := pi, qs+i := qi, ks+i := ki, ls+i := li.




( +mi – pi) – sqq · · ·qs.
Next, we shall see that detA =  is the critical global existence curve. In addition, we give
the following lemma which comes from linear algebra, and its proof is obtained by using
the Cramer theorem.
Lemma  For the matrix A which is deﬁned by (.) and any constant ε, according to the
Cramer principle, if detA = , then the following linear system
A(α,α, . . . ,αs–,αs)T = (ε, ε, . . . , ε, ε)T (.)
has a unique solution (α,α, . . . ,αs–,αs)T which is given by
αi =
ε∏s
j=( +mj – pj) – sqq · · ·qs
( s–∏
j=

















and qiαi+ + ε = ( +mi – pi)αi, αs+ := α, i = , , . . . , s.
Now we state the main results of this paper.
Theorem  Assume pi <  + mi (i = , , . . . , s). If
∏s
i=( + mi – pi) ≥ sqq · · ·qs, i.e.,
detA≥ , then every nonnegative solution of system (.)-(.) is global in time.
Theorem  Assume pi ≤  + mi (i = , , . . . , s). If ∏si=( + mi – pi) < sqq · · ·qs, i.e.,
detA < , then system (.)-(.) has a nonnegative solution blowing up in a ﬁnite time.
Remark  From Theorems  and , we see that the critical global existence curve for
system (.)-(.) is
∏s
i=( +mi – pi) = sqq · · ·qs, i.e., detA = .
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Let (k,k, . . . ,ks) denote the unique positive solution of linear system (.) with constant
ε = –, that is,
A(k,k, . . . ,ks–,ks)T = (–,–, . . . , –,–)T (.)
and deﬁne
li =
 + ki( –mi)
 , i = , , . . . , s. (.)
Then we have the following.
Theorem  Assume pi ≤  +mi (i = , , . . . , s) and ∏si=( +mi – pi) < sqq · · ·qs, i.e.,
detA < .
() If mini{li – ki} > , there exist nonnegative solutions with blow-up and nonnegative
solutions that are global.
() If maxi{li – ki} < , then every nonnegative, nontrivial solution of system (.)-(.)
blows up in a ﬁnite time.
Remark  FromTheorem , we conjecture that the critical curve of Fujita type is mini{li–
ki} =  if pi ≤  +mi (i = , , . . . , s).
For the case p >  +m or . . . or ps >  +ms, we have the following.
Theorem  If there exists i = , , . . . , s such that pi >  +mi, then every nonnegative solu-
tion of (.)-(.) will blow up in a ﬁnite time.
Remark  By Theorem , it is seen that the critical global existence curve for system (.)-
(.) is pi =  +mi (i = , , . . . , s) if sqq · · ·qs =∏si=( +mi – pi).
The rest of this paper is organized as follows. In Section , we consider a critical global
existence curve and prove Theorems  and . The proofs of Theorems  and  are given
in Section .
2 Critical global existence curve
In this section, we characterize when all solutions to problem (.)-(.) are global in time
or they blow up. Motivated by [, ], we base our methods on the construction of self-
similar solutions and on the comparison arguments.
Throughout this paper, we always assume (umii )′′(x) ≥ , i = , , . . . , s. Now, let us prove
Theorem  ﬁrst.
Proof of Theorem  In order to prove that the solution (u,u, . . . ,us) of (.)-(.) is global,
we look for a globally deﬁned in time strict super-solution of self-similar form




 ) mi , x≥ , t ≥ , i = , , . . . , s, (.)
whereM ≥ maxi{‖ui‖∞ + } and Ki,Li >  are to be determined. It is easy to see that
u¯i(x, )≥ ui(x), x≥ , i = , , . . . , s.
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Note that the function Z(x) = xe–Lxe
K(–m)t
 reaches its maximum Z(x) = eL e
– K(–m)t
at the point x = L e
– K(–m)t . Then we have
(u¯)t ≥ KeKtM













 ≤ LeKt . (.)





















≥ Li , i = , . . . , s. (.)
Therefore, we can ﬁrst takeM large enough so that
M

mi – ( –mi)emi
( +M)
–mi
mi > , i = , , . . . , s. (.)






x(, t) = Le
K(+m)t
 , u¯p (, t)u¯
q





Then we have –(u¯m )x(, t)≥ u¯p (, t)u¯q (, t), if we impose
Le
K(+m)t








mi+ , i = , . . . , s. (.)
Let




mi+ , i = , , . . . , s.
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Hence, from (.) and (.) we get
e
Ki(+mi)t
 ≥ e(piKi+qiKi+)t , i = , , . . . , s. (.)
Next, we divide the proof into two cases.
Case (i). If
∏s
i=( + mi – pi) > sqq · · ·qs, then we choose that (K,K, . . . ,Ks) de-
notes the unique solution (α,α, . . . ,αs) of the linear system (.), i.e., (K,K, . . . ,Ks) =




j=( +mj – pj) – sqq · · ·qs)
βi(M
























Thus, these constants Ki and ε can ensure that inequalities (.), (.) and (.) hold.




i=( +mi – pi) = sqq · · ·qs, the linear system (.) with ε =  has non-






mi – –miemi ( +M)
–mi
mi
, i = , , . . . , s,
which imply that (.), (.) and (.) hold. Thus, we have proved that (u¯, u¯, . . . , u¯s) is a
global super-solution of system (.)-(.).
Combining Cases (i) and (ii), the solutions of system (.)-(.) exist globally by compar-
ison principle. The proof is complete. 
Proof of Theorem  Toprove the non-existence of global solutions, we construct a blow-up
self-similar sub-solution of system (.)-(.). Let ki and li satisfy (.) and (.), respec-
tively. Then we have
miki + li = piki + qiki+, i = , , . . . , s. (.)
Consider the functions
u˜i(x, t) = (T – t)–ki fi(ξi), ξi = x(T – t)–li , i = , , . . . , s, (.)
with a positive constant T and compactly supported functions
fi(ξi) = (Ai + Biξi)

mi– , i = , , . . . , s, (.)
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(u˜i)t = (T – t)–ki–(kifi(ξi) + liξif ′i (ξi)),
(u˜mii )xx = (T – t)–miki–li (f
mi
i )′′,










Thus, (u˜, u˜, . . . , u˜s) is a sub-solution of (.) and (.) provided that
kifi(ξi) + liξif ′i (ξi)≤
(
f mii















kifi(ξi) + liξif ′i (ξi) = ki(Ai + Biξi)

mi– + liBimi – 
ξi(Ai + Biξi)
–mi
mi– ≤ ki(Ai + Biξi)

mi– .




, i = , , . . . , s. (.)









i+ , As+ := A, i = , , . . . , s. (.)










i , i = , , . . . , s. (.)
For i = , , . . . , s,
∏s
i=( +mi – pi) < sqq · · ·qs implies that
qi




 +mi+j – pi+j
qi+j
.



























(+mi–pi) , δs+i := δi.
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Therefore, there exists Ai+ small enough such that inequality (.) is valid. Thus, if the
initial data u(x),u(x), . . . ,us(x) are large enough so that
u˜i(x, )≤ ui(x), i = , , . . . , s,
then (u˜, u˜, . . . , u˜s) is a sub-solution of system (.)-(.) by the comparison principle,
which implies that the solutions of system (.)-(.) with large initial data blow up in a
ﬁnite time. The proof is complete. 
3 Critical curve of Fujita type
Now we turn out attention to the results of Fujita type. This is, we shall show when all so-
lutions of system (.)-(.) blow up in a ﬁnite time or both global and non-global solutions
exist.
Proof of Theorem  () In order to prove the conclusion, we only need to show that the
solutions of system (.)-(.) with small enough initial data have global existence, which
will be proved by constructing kinds of self-similar global super-solutions
u¯i(x, t) = (τ + t)–ki gi(ξi), ξi = x(τ + t)–li , i = , , . . . , s, (.)
where τ >  is a positive constant, ki and li are deﬁned by (.) and (.), respectively.
A direct computation together with (.) and (.), the function (u¯, . . . , u¯s) is a super-








)′()≥ gpii ()gqii+(), i = , , . . . , s, gs+ := g. (.)
We claim that (.) and (.) admit a solution of the form
gi(ξi) =Di
(
di ai + (ξi + ai)
) 
mi– , i = , , . . . , s. (.)
Next, we will show that there exist suitable positive constants Di, di, ai (i = , , . . . , s)
such that inequalities (.) and (.) are satisﬁed. In fact, for i = , , . . . , s, substituting gi











(ξi + ai) +
liDi
mi – 







di ai + (ξi + ai)
)






(ξi + ai) – liai
)
≤ . (.)
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di ai ≤ . (.)











di ai , yi ≥ ai.
And then hi(yi) reaches its maximum at the point
y∗i =
liai





Hence, we only need that hi(y∗i )≤ , it follows from the following:
di ≥ li
(
( –mi)(γi – ki)
(
 – ( +mi)γi
))–  .
On the other hand, for the above constantsDi, di (i = , , . . . , s), the boundary conditions





















qi (di+ + )
–mi
(–mi+) (di + )
pi–
qi ,
Ds+ :=D, as+ := a, ds+ := d.
Similar to the analysis of the proof in Theorem , for i = , , . . . , s,
∏s
i=( +mi – pi) <
sqq · · ·qs implies that






 +mi+j – pi+j
.
























i , i = , , . . . , s. (.)
Thus, we can choose a,a, . . . ,as large enough for the above inequalities (.) to hold.
Ling Journal of Inequalities and Applications  (2015) 2015:175 Page 10 of 11
Therefore, it follows from the comparison principle that (u¯, u¯, . . . , u¯s) given by (.)
is a super-solution of system (.)-(.) with u¯(x, ) ≥ u(x), . . . , u¯s(x, ) ≥ us(x), which
means that the solutions of (.)-(.) with small initial data have global existence.
() We construct the self-similar sub-solution of Eq. (.) in the following form:
uˆi(x, t) = (τ + t)–

mi+ gi(ξi), ξi = x(τ + t)–





c + ξ i
) 
mi– ,






, i = , , . . . , s,
then it is easy to check that gi satisﬁes
(
gmii (ξi)




gi(ξi) = , g ′i() = , i = , , . . . , s, (.)
which implies that
{
(uˆi)t = (uˆmii )xx, x > , t > ,
–(uˆmii )x(, t) = , t > ,
i = , , . . . , s.
Since ui(x, t) (i = , , . . . , s) are nonnegative, nontrivial functions, we see that ui(, t) > 
for some t > . It is well known that ui(x, t) >  (i = , , . . . , s) are continuous (see [, ]).
Then we can choose τ and c large enough so that
ui(x, t)≥ uˆi(x, t), x > , i = , , . . . , s.
Thus, the self-similar solution (uˆ, uˆ, . . . , uˆs) is a sub-solution of (.)-(.) in (,∞) ×
(t,T). The comparison principle follows
ui(x, t)≥ uˆi(x, t), x > , t ≥ t, i = , , . . . , s.
Recalling that maxi{li – ki} < , we see for large T that Tli 	 Tki (i = , , . . . , s). So there
exists t∗ > t such that
Tli 	 (τ + t∗) mi+ 	 Tki , i = , , . . . , s. (.)
Let u˜i(x, t) be deﬁned by (.) and (.) in the proof of Theorem , for any x > , the
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By the comparison principle again, every nonnegative and nontrivial solution (u,u,
. . . ,us) of system (.)-(.) blows up in a ﬁnite time. The proof is complete. 
Proof of Theorem  Without loss of generality, we may assume that p >  + m and
(umii )′′ ≥  (i = , , . . . , s). Then ut ,ut , . . . ,ust ≥  for x > , t >  (see [, ]). Further-
more, we have up (, t)u
q





wt = (wm )xx, x > , < t < T ,
–(wm )x(, t) = wp (, t)uq(),  < t < T ,
w(x, ) = u(x), x > .
(.)
It is easy to verify that (w,u, . . . ,us) is a sub-solution of system (.)-(.). According to
the results of [], we know that the solutions of (.) with large initial data blow up in a
ﬁnite time, and so the solutions of (.)-(.) do too. The proof is complete. 
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